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Vibrational Nonequilibrium Modeling Using Direct Simulation
Part 1: Continuous Internal Energy

Isabella Choquet*
ONERA, 92322 Chatillon, France

A new class of vibrational nonequilibrium models is introduced for repulsive-attractive intermodular po-
tentials to reproduce on average the relaxation time of Millikan and White over all its domain of validity.
Intended to do Monte Carlo simulations, it is proposed at a microscopic scale, in the form of individual
probabilities of vibration translation energy exchange p. In this first part the internal energy is assumed to be
continuous. The relation linking the required individual probability to the relaxation time to be reproduced is
solved thanks to the systematic and exact resolution method, based on the Laplace transformation, that we had
proposed earlier. Models previously introduced by Boyd and Bird are found as borderline cases of the present
one. Attainment of detailed balance is checked with homogeneous calculations, using the direct simulation Monte
Carlo method and the original Borgnakke-Larsen (BL) scheme. Assumption used to develop/? models is discussed
in light of numerical results and justified thanks to a recent mathematical study of the BL scheme.

I. Introduction

T HERMAL nonequilibria of vibration appear in various
kinds of flows characterized by a high enthalpy. As a

direct consequence, they modify temperature distributions in
the flowfield. Moreover, they have significant secondary ef-
fects since they can affect heat fluxes, and also chemical re-
action rates due to the strong coupling between vibration and
chemistry. Taking them into account is thus a necessary stage
to model high enthalpy flows.

Concerning specifically rarefied gases, flows in thermal non-
equilibria are generally simulated numerically using the direct
simulation Monte Carlo (DSMC) method introduced by Bird1

and the numerical scheme proposed by Borgnakke and Larsen-
for inelastic collisions. This corresponds to a probabilistic de-
scription of the flow at a microscopic scale, considering sets
of particles. The first model of vibrational nonequilibrium,2

was associated with a constant inelastic collision number. Since
it does not reproduce the temperature dependence of relax-
ation times experimentally observed, the challenge is, until
then, to develop models reproducing on average a relaxation
time correlated with experimental results. One can distinguish
two approaches: 1) macroscopic and 2) microscopic. The for-
mer uses directly relaxation times, such as Millikan and White
data3 T^1W. In this way, both relaxation time and detailed
balance are satisfied numerically. But, in a computational
point of view, time penalty is significant since temperature
must be determined in each cell and at each time step. We
opt for the second approach. It requires the knowledge of
individual probabilities of energy exchange p. It avoids time
penalty, but raises other difficulties. One can refer to pi-
oneering models proposed by Boyd4 5 intending to reproduce
on average r|viw. They are associated with repulsive inter-
molecular potentials through the collision cross section of
variable hard sphere6 (VHS). They have been approximated
thanks to the steepest descent method and expressed as func-
tions of the relative velocity norm. They raised two problems:

1) The resolution method implies a significant reduction of
/? domain of validity in comparison with the r^w domain of
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validity. Indeed, the temperature is supposed to be smaller
than the characteristic temperature of vibrational excitation.

2) Homogeneous calculations made using the DSMC method
and the original Borgnakke-Larsen (BL) scheme do not re-
produce detailed balance at equilibrium (see below).

Next, as Boyd did for rotation,7 Bird* proposed individual
probabilities of vibration depending on the total energy in-
volved in the collision, instead of the relative velocity norm.
His empirical model always satisfied the second point, that is
detailed balance at equilibrium. However, it overestimates
the time needed to reach equilibrium (cf. below). Concur-
rently, collisional models have been improved. One can refer
to the variable soft sphere model introduced by Koura and
Matsumoto9 or the generalized hard sphere (GHS) model
proposed by Hash and Hassan.10

This article's purpose is to propose a new class of models
for vibration translation energy exchange, assuming in this
first part a continuous internal energy. Contrary to studies
previously mentioned,4 we do not introduce temperature lim-
itation to preserve the domain of validity of r|vlw. Moreover,
individual probabilities are developed within a larger frame
than the previous ones.4 <s They are associated not only with
repulsive, but also with attractive-repulsive intermolecular
potentials through the GHS collision cross section.10 They are
derived to reproduce on average the vibrational relaxation
time of Millikan and White. For this purpose, the problem
formulation and the new resolution method introduced in Ref.
11 are briefly recalled. On a first assumption we expressed/?
as a function of the relative velocity norm, to check whether
problems of detailed balance that have been observed with
Boyd's model are due, or not, to the approximated resolution
method. The exact p family, introduced later, includes as a
borderline case the vibrational model proposed by Boyd.4 It
is then shown that neither exact or approximated/? reproduces
numerically the equipartition of energy at equilibrium within
the frame of the original BL scheme. This point, already
discussed for rotational nonequilibria11 in light of a recent
mathematical study,12 is justified. In order to verify detailed
balance at equilibrium, another assumption, used by Bird, is
investigated and a justification is also proposed. The individ-
ual probability is expressed as a function of the total energy
involved in the exchange. Again, the class of/? models derived
hereafter includes, as a borderline case, the empirical model
of vibration proposed by Bird.s Both model classes are stated
(Sec. Ill), in a global expression. Key points of the demon-
stration are detailed in Sec. IV. These/? models are validated
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in Sec. V, using the DSMC method and the original BL scheme.
Calculations are carried out to check if the equilibrium state
is well-reproduced at the macroscopic scale. They are realized
considering the homogeneous unsteady problem of a pure
diatomic gas of nitrogen, initially presenting a nonequilibrium
between vibrational and translational modes. According to
the numerical results obtained, the variable used to determine
/; is discussed and justified.

mination of the inverse Laplace transform f = L '[H] of the
H function," such as

E[£/] = (p)[hiei

(5a)

(5b)

II. Problem Formulation
A system of two particles, PI and P2, is considered. They

are characterized by f, translational degrees of freedom (DOFs),
£, ,. and £ 2 . , DOFs of vibration, and internal energies of vi-
bration < ? L i . and e2..... The collisional system, /M - F2, is
characterized by the reduced mass /u, the relative velocity
norm g, the vibrational DOFs £.. = f k i . + £ - > _ . „ and the vi-
brational energy <?., = e\ .. + e 2 . , . The total energy involved
in the exchange under consideration is denoted by e = (ng2}l
2 + e,..

The problem formulation consists in linking the required
individual probability of vibration translation energy ex-
change /;, to the average probability (p) (depending on the
relaxation time to be reproduced). The problem is stated in
Ref. 11 for any total collision cross section crr(g). It is estab-
lished starting from the Boltzmann equation and setting the
assumptions required to obtain a well-stated problem. Besides
obvious hypothesis (cf. Ref. I I , HI to f/3), one assumes that,
H4: the individual probability of energy exchange depends
only on one variable, H4a: the total energy involved in the
exchange e, or H4b: the relative velocity norm g.

The next and last hypothesis is new. It is due to the rigorous
mathematical study of the original BL scheme,2 carried out
by Bourgat et al.12 for a continuous internal energy. This
assumption brings a necessary and sufficient condition for the
entropy theorem to be satisfied.

A/5: in the case of inelastic collisions, if a, and /; depend
on the relative velocity norm and not on a collisional invariant,
they must be homogeneous with respect to the g variable

V r <r-r(rg)p(rg) = r"»crT(g)p(g) (1)

If H5 is not respected, then the entropy theorem is violated.
Consequently, the equipartition of energy is generally not
verified at equilibrium. This point is illustrated later in
Sec. V.

The problem" is recalled here considering the GHS colli-
sional model10 introduced for attractive-repulsive intermo-
lecular potentials

<r-r(g) =

with

y2 = f,/2 + 1/2 7, = 72 + £./2,
(6)

where F is the mathematical function and (p) the average
probability; it depends on the relaxation time to be repro-
duced and is detailed later in this article.

Let us recall that the previous resolution method of the
problem was not based on the Laplace transformation. The
required/? was postulated by making use of parameters. Then,
it was averaged in an exact way,7 or an approximate one,4-5-8

according to the problem difficulty. Finally, parameters were
obtained by identification in simple cases and, otherwise, by
fitting. In the latter case, the p domain of validity could be
significantly decreased. For instance, one can refer to vibra-
tional nonequilibrium models,4 developed using the steepest
descent method and evoked in Sec. I.

Using our original procedure, based on the Laplace trans-
formation, we start from a given average probability (corre-
lated with experimental results) to determine, in a systematic
and exact way, an analytical (or numerical) expression of/;.
Contrary to the procedure used unti l then, it allows bypassing
both restrictive derivation hypothesis and a determination a
priori of the required /;. In this way, it makes feasible the
development of/; models reproducing on average all the do-
main of validity of the Millikan and White relaxation time.
Furthermore, it allows extending these /; models of vibration
translation energy exchange to repulsive-attractive inter-
molecular potentials.

III. Problem Resolution: Data and Results
Referring to the study carried out by Haas et al.13 and

extended to the GHS cross section by Hash et al.,14 the av-
erage probability of energy exchange expresses A0/((^.)r.,)
where

A,, = 1 + 7 1 K,r[* -
z I /' i

(7)

where K( and co/ are constants. In the particular case jmax =
1, relation (2) reduces to the VHS model, used until then to
model vibrational nonequilibrium. A new resolution method
of the problem under consideration has also been proposed
in Ref. 11. It has been pointed out doing the change of var-
iables

EI = h,T

with / = 1 or 2 and

/7, = h2 = t*J(2k)

(3)

(4a)

(4b)

where k is Boltzmann's constant and T is the equilibrium
temperature. Then, the derivation of/; reduces to the deter-

The vibrational relaxation time of Millikan and White3 has
been obtained by correlation between the theoretical model
of Landau and Teller15 and experimental results. It is given
by

B) (8)

where p is the number density, Tthe equilibrium temperature,
and A and B are constants characteristic of the chemical spe-
cies. The average collision frequency" associated with the
GHS model10 writes

(9)

where a, depends only on £,, and is defined" by d||g|| =



448 CHOOUET

If the temperature dependence of A r / , which is very weak,
is neglected, the derivation detailed in the next section leads
to the analytical expression below, associated with the GHS
collisional model, with a continuous internal energy and re-
producing on average the vibrational relaxation time of Mil-
likan and White

Table 2 Coefficients d,

-yj, (10a)

+ 7r3' 2r(^, yf) Ai\x}

with

13 = Ah, 1/3

17, = 3 + y,

exp[-£]

A -

_y;= = Ay, I / 2 - A<^f. "2

3 l / 2 i82/T(r,,) 2 IE.

3

3/>(>?/)

(lOb)

( l la)

(lib)

(lie)

( l id)

(He)

(llf)

(Hg)

where £(17,) is the integer part of 17, and D(rjf) is its decimal
part. K,, is the Hankel function of the second kind of param-
eter v and Ai the airy function. The coefficients <?,•(/>, yf) and
c(j>, yf) are given explicitly in the Appendix. The individual
probability /; is calculated thanks to the tabulations of the Kt,

Table 1 Coefficients d}

y
0
i
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24

£, = 3, /
0
0
1

-2.56944
+ 9.03019
-4.06738
+ 2.23764
-1.45458
+ 1.09096
-9.27329
+ 8.80965
-9.25015
+ 1.06377
-1.32971
+ 1.79512
-2.60291
+ 4.03451
-6.65694
+ 1.16496
-2.15518
+ 4.20261
-8.61534
+ 1.85230
-4.16767
+ 9.79403

=

x
x
X
X
x
X
x
x
X
X
x
X
X
X
x
X
X
x
x
X
X
x

2

10°
10°
10'
102
103
104
104
105
106
108
109
10'°
10"
1012
1013
1015
101A
1017
1018
102()
1021
1022

£..,'
= 3, / =
= 2, £,,,

0
0
0
0
0
2

-1.61339
+ 1
-1
+ 8
-8
+ 9
-1
+ 1
-1
+ 2
-4
+ 7
_ i
+ 2
-4
+ 9
-2

.22963

.00357

.97788

.81991

.47909

.10864

.40342

.91313

.79530

.35931

.22876

.27024

.35801

.61144

.47674

.04181
+ 4.60248
-1.08330

x
x
X
X
x
x
X
X
x
X
X
x
X
x
x
x
X
X
X

1
- 0

10'
102
103
103
104
105
107
108
109
10'°
10"
1012
1014
1015
10lft
1017
1019
102()
1022

£,

_ i
+ 1
— 2.
+ 2
-4
+ 5
-8
+ 1
-2
+ 4
-8
+ 1
_ T

+ 7
-1
+ 4

= 3, i = 1
,. = £2,-, = 2

0
0
0
0
0
0
0
0
8

.32556

.75113

.24011

.93525

.02186

.80866

.86603

.43037

.43664

.37593

.26984

.64153

.41595

.43862

.69213

.01442

x
x
X
x
X
X
x
x
X
x
x
X
X
X
X
X

102
103
104
105
106
107
108
10io
10n
1012
1013
1015
1016
1017
1019
102()

y
0
i
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24

Cl = 3,.
0
0
0

+ 2.00000
-8.13889
+ 3.84076
-2.15774
+ 1.41851
+ 1
+ 9
_ o

+ 9
_ i

.07110

. 14406

.71271

.16773

.05594
+ 1.32149
_ I
+ 2

.78565

.59109
-4.01855
+ 6.63380
_ i
+ 2

.16138

. 14927
-4.19225
+ 8
-1

.59619

.84856
+ 4.16001
-9.77757

f =

x
x
x
x
X
X
x
x
X
X
X
x
x
X
X
x
x
X
X
x
x
X

: 2

10°
10°
10'
102

103

104

104

10s

106

108

109

10!0

10"
1012

1013

1015

1016

1017

1018

1020

1021

1022

e, = 2, ,
£1., = 2, i

0
0
0
0
0
0
8

-8.45556
+ 7.87797
-7.55937
+ 7.74881
-8.56469
+ 1.02151
-1.31174
+ 1.80753
-2.66316
+ 4.18075
-6.96966
+ 1.23005
-2.29167
+ 4.49530
-9.26182
+ 1.99989
-4.51652
+ 1.06482

i =

x
x
x
x
X
X
x
x
X
X
x
x
x
X
x
x
x
X

= 1
- 0

101

102

103

104

105

107

108

109

10'°
1011

1012

1014

1015

1016

1017

1019

102()

1022

£, = 2, i = 1
£1,, = £2,, = 2

+ 4,
-9
+ 1.
-2,
+ 3.
-4
+ 7,
-1
+ 2,
-3.
+ 7,
-1,
+ 3.
-6
+ 1.
-3.

0
0
0
0
0
0
0
0
0

.80000

.63333

.48418

.16037

.16539

.78715

.55428

.24962

.17032

.95785

.57288

.51853

.18679

.98909

.59952

.81444

x
x
X
X
x
X
X
X
x
x
X
X
x
X
X
X

101

102

104

105

106

107

108

101()

1011

1012

1013

1015

1016

1017

1019

1020

and Ai functions, provided within the range ]0; 9] by the
mathematical library NAG for instance. This range is not
sufficient to cover the domain of relative velocity norm or of
total energy in which we are interested. The asymptotic ex-
pansion of p [Eq. (10a)] is required when yf is in the vicinity
of zero. Then, the £ function defined in Eq. (lOb) reduces to
the following alternate series:

= a A 1/2 Q x p ( - y f ) (12)

Coefficients d, are given in Tables 1 and 2. This asymptotic
expansion is developed up to the 25th order to obtain a good
fit between Eqs. (l()b) and (12) in the vicinity of zero.

As expected, when y'wtfjt is set to unity, the individual prob-
ability associated with the VHS collisional model is re-
covered.16 In the particular case of three DOFs in the velocity
space, i.e., f, = 3, if 1) A(l: is set to unity, 2) $, represents
the relative velocity norm, 3) only one term of the GHS model
is considered (that is to say for a VHS collisional model), and
4) only the first nonzero term of the asymptotic expansion
valid in the vicinity of zero is taken into account, then the
expression derived by Boyd,4 thanks to the steepest descent
method, is recovered.

In the same way, when $, represents the total energy in-
volved in the exchange, the model introduced by Bird* is
recovered as a borderline case.

Notice that, to consider the temperature dependence of A<;,
the exact derivation of £ (and thus p) can be carried out
numerically.

IV. Problem Resolution: Demonstration
The relation (lOa), associated with a continuous internal

energy, is derived from the inverse Laplace transform f of
the H function [Eq. (5b)], when considering the average col-
lision frequency of the GHS model [Eq. (9)], and the vibra-
tional relaxation time of Mill ikan and White [Eq. (8)]

(P)[hiei (13a)
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with

(13b)

a and /3 are introduced in Eqs. ( l l a ) and ( l i b ) , respectively,
in order to reduce the notations. Relation (13a) reads

= L (14)

- is set to unity (VHS cross section), A0. is a constant
characteristic of the chemical species. Otherwise, (jmax > 1),
the weak temperature dependence of A0 is neglected to derive
rapidly an analytical expression of/?. Therefore, a is a con-
stant, characteristic of the chemical species under consider-
ation. Then, thanks to properties of Laplace transforms,17 Eq.
(14) yields

with

cpfy,] = L

(15a)

(15b)

where 17, is defined in Eq. ( l ie ) . (p[yf] is then obtained carrying
out the following steps:

51: first, showing that this inverse Laplace transform cp,
which expression is not directly known, can be replaced by
an integral of the Hankel function of the second kind and of
parameter v = i

52: next, the integral is expressed with the help of Hankel
functions of the second kind and the Airy function.

A. Step 51: Integral
The main difficulty met with tp derivation comes from the

exponential term. Various approaches can be taken up. At
first, the exponential had been replaced by its series expan-
sion. But this approach was abandoned since the individual
probability obtained leads to problems of numerical conver-
gence. Thus, the 9 function has been expressed in a different
way in order to avoid the problem of numerical estimation.
In that aim, the exponential has been handled separately and
directly, thanks to the relations17

V2 exp[-3£"<]} =

L '{exp[-3e"1} = iry

(16a)

(16b)

which are defined if the real part of s is strictly positive.
K^(y) is the Hankel function of the second kind and of pa-
rameter i. The quantity 17, is now expressed with its integer
part, denoted by £(17,-), and its decimal part

T7, = D(77,) (17a)

If one refers to the definition of y, [Eq. (6)], then, one can
remark that 17, does not depend on the coefficients a),, which
are associated with the collisional model

if / =
17, -

U,/2 + 1 if / = 2
(lib)

The number of DOFs of the translational mode £, is an integer.
Moreover, for a continuous internal energy, the DOFs as-
sociated with the internal model f U s , and f 2 > i , are also integers.

As a consequence, the decimal part of 77, is either zero or
equal to 4. Thus, Eqs. (16a) and (16b) can write

exp[-3e'«]} =
31/2

(18)

Since the exponential is isolated to circumvent the difficulty,
the inverse Laplace transform cp has to be replaced by the
product of two functions 4>, and 4>2

such as

(19c)

The inverse Laplace transform of a product of two functions
may be expressed with a convolution product.17 First, the
inverse Laplace transforms of 4>, and 4>2 have to be deter-
mined. Next, their product of convolution is derived. The
inverse Laplace transform of <!>, is immediately obtained17

- 2D(77,)]
(20a)

since £(17,-) - 2D(r/,-) is strictly positive. On the other hand,
to make use of the relation (18), in order to derive the inverse
Laplace transform of 4>2, the change of variable e* = ()8/3)3

Sj is required. Then, the Laplace transformation properties,
precised in Ref. 17, and Eq. (18) lead to

x 3I/2/{7r[(3//3)->,.]3/2 -2r (20b)

Finally, the integral relation is obtained as a convolution
product17 grouping together relations (19c), (20a), and (20b)

3 I / 2

i>- 3/2 + 2/>(T7,)

x K,,., 2 m j r ~ " 2 dr (21)

B. Step'52: Special Functions
First, one proceeds to the change of variable x* = 2 (pi

3)3/2A- 1/2 to simplify notations. Then, Eq. (21) writes

A

where A, y*, and A are, respectively, defined in Eqs. (lld-
l l f ) . Since the decimal part of 17, is either 0 or equal to i
when the internal energy is supposed to be continuous, £(17,)
— 2D(j]j) — 1 is an integer. The first term appearing in the
previous integral can then be developed and Eq. (22) writes

with

= S */ f
7 = 0 Jyi

= [(y*)~2 ~

(23a)

(23b)
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The integral involved in Eq. (23a) is obtained performing
integrations by parts and using the recurrence properties18 of
the Hankel function of the second kind. The result of the
integration is given by the global expression

(24)

where i>t(^, y*) and c(v, y*) are polynomial functions. We
obtain the Airy function,1'' in the integral of the previous
relation with a change of variable x = ry-1'2. Then, relation
(24) is

(x*) iK.[x*]dx* = £ bk(V,y?)Kf+k[yr}
k=-j+\

r31/2c(^, y?) \ Ai(x) ck, (25)

where y** is defined in Eq. (llg). Thus, tp expression may be
written

+ 7731/2c(^, yf] i(x) dc

5
k - 2/^(7,,) I

Ai(x) (26)

where v = j . The £()>/) function, stated Eq. (IQb), is obtained
by replacing q>(y,-) in the relation (15a). The individual prob-
ability, stated in Eq. (lOa), is then derived from Eq. (5a).

The asymptotic expansion of £()>/) function, we have pro-
posed in Eq. (12), is derived from Eq. (lOb) using asymptotic
expansions of modified Bessel functions of second-order and
Airy function integral when y tends to infinity. The former
is given explicitly in Ref. 19 and the latter can be derived (see
Ref. 16 for the details) from recurrence properties19

Ai(x) 2^-2y M^\ 2

with

bk = ak * - s
a(] = 1 and ak —

(27a)

(27b)

(27c)

Its three first terms are also given in Ref. 20 (in the Appendix).

V. Numerical Applications: Results and Discussions
Individual probabilities curves associated with three DOFs

in the velocity space are plotted in Figs. 1 and 2 when (/>,
represents, respectively, the relative velocity norm and the
total energy involved in the exchange. They have been cal-
culated considering diatomic nitrogen and assuming Ac; = 1

V.V1V

0.008

0.006

0.004

0.002

n nnn

cl

, ,̂
y

^

.//
Fig.

g(m/s)
1 Individual probabilities of vibration translation energy ex-

change associated with the relaxation time of Millikan and White, the
chemical species N2, the VHS collisional model, and expressed as a
function of g. cl: model proposed by Boyd4; c2: exact model, Eq.
(lOa) \vithjmax = 1, i = 2, and f, = 3.
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Fig. 2 Individual probabilities of vibration translation energy ex-
change associated with the relaxation time of Millikan and White, the
chemical species N2, the VHS collisional model, and expressed as a
function of e. cl: model proposed by Bird8; c2: Eq. (lOa)
= ! , / = 1, and f, = 3.

and jmax = 1 to do consistent comparisons with models de-
veloped by Boyd4 and Bird.8 If one compares (Fig. 1), the
individual probability approximated by Boyd thanks to the
steepest decent method, curve cl, and the exact model de-
rived with the Laplace transformation, curve c2, one can no-
tice the great influence of the resolution method on p, es-
pecially for high velocities, as expected. In the same way Fig.
2 points out a great difference (several orders of magnitude)
between Bird's empirical model, curve cl, and the exact one,
curve c2, when energy is large. The gap in relation to mac-
roscopic frequency of inelastic collisions to be reproduced is
illustrated below considering an homogeneous test case. Be-
fore going further concerning the improvement of exact models
on previous ones, the discussion is focused on computational
aspects concerning the exact p.

The exact p expression, introduced in Sec. Ill, is more
complex than models proposed by Boyd and Bird. These last
ones involve a power term and an exponential function. The
exact /?, defined in Eq. (lOa), includes a finite summation,
polynomial functions, special functions Kt, and Ai, and an
integral. As the exponential function, special functions are
calculated using a mathematical library—NAG or MATLAB
in the present case. The Airy function integral is calculated
from zero to y** with the Romberg method.21 Its integral
from zero to infinity is i. Since NAG tabulations of Kv and
Ai functions are available over the range ]0; 9], beyond p is
calculated using the asymptotic expansion proposed in Eq.
(12). To minimize numerical operations, and thus time pen-
alty applying numerically p model, we tabulate p expression.
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Table 3 Gas characteristics

Molecular mass
Numerical density
Reference temperature
Reference diameter
0)

K

A
B

4.640 x 10
1.61 x 1021

273 K
4.105 x K)
0.24
1.813 x 10
220
-24.80

~26 kg
mol/m3

- |0 m

'MS

Table 4 Test case

Vibrational model Figures

p(g) model of Boyd, £, = 3 3a and 3b
p(g) Eq. ( lOa) , jmax = 1, £, = 3 4a and 4b
p(e) model of Bird, £, = 3 5a and 5b
p(e) Eq. (l()a),jmax = 1, £, = 3 6a-6c

a)
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b)
4000 8000

t (l.E-5 s)
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Fig. 3 Temporal evolution of a) temperatures and b) inelastic collision
fractions; Boyd's model (Ref. 4).

The energy step used to determine p(e) is 1.6 x 10 217;
joining between exact/? and its asymptotic expansion is made
continuous using a fit program.21 Parameters involved in Eqs.
(lOa) and (12) depend only on the chemical species under
consideration. Consequently, we emphasize that/? tabulation
applies to any problem of rarefied flow with high enthalpy.
With this one input table, computational cost is not increased
in comparison with previous microscopic models.

Calculations using the DSMC method and the original BL
scheme are realized to check that p models of Sec. Ill lead
to a thermal equilibrium in good agreement with theory and,
also, reproduce the theoretical fraction of inelastic collisions
at equilibrium. In that aim, the homogeneous unsteady prob-
lem of a pure diatomic gas of nitrogen, initially presenting a
nonequilibrium between vibrational and translational modes
is studied considering 1000 simulated particles. Initial tem-
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Translation.
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0.0004
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A 0.0002
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V

0.0001

0.00000
b)

4000 8000
t (l.E-5 s)
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Fig. 4 Temporal evolution of a) temperatures and b) inelastic collision
fractions; exact model, Eq. (lOa) with <£,- = g, f, = 3, jmax - 1.

peratures of vibration and translation are, respectively, set to
0 and 10,000 K. A smaller initial nonequilibrium, presented
in Ref. 16, leads to similar results. Gas characteristics are
given in Table 3. Collisional model coefficient a> is fitted to
the viscosity law of Poiseuille. Investigated models are indi-
cated in Table 4. Numerical results obtained at equilibrium
(denoted by the superscript nu), and theoretical ones (de-
noted by the superscript th), are brought together in Table 5
to make the comparison easier.

Figures 3a and 4a clearly show that none of the p models
expressed explicitly as a function of the relative velocity norm,
and applied using the original BL scheme, reproduces the
equipartition of energy at equilibrium. This goes with an over-
estimation of the theoretical fraction of inelastic collisions (cf.
Figs. 3b and 4b). These negative results, which are much more
flagrant than for rotational energy," 16 hold true for any res-
olution method, even exact. This comes from the violation of
hypothesis //5. The total collision cross section of the GHS
model [Eq. (2)] is homogeneous with respect to the relative
velocity norm when jmax is set to unity (cf. Ref. 11 for jmax
greater than one). Individual probability p(g), given in Eq.
(lOa), and Boyd's model are not homogeneous with respect
to g; thus, relation (1) is not satisfied and the entropy theorem
associated with the original BL scheme is not verified. There-
fore, these numerical results -are in perfect agreement with
the mathematical study carried out by Bourgat et al.,12 and
p(g) models under consideration cannot be applied within the
frame of the original BL scheme. However, one could con-
sider new versions of this scheme proposed by Abe22 consid-
ering the VHS cross section and by Flash et al.14 concerning
the GHS model.

Individual probabilities developed under assumption f/4a,
such as Bird's model and the exact model [Eq. (lOa)], depend
on a collisional invariant since they are functions of the total
energy involved in the exchange. One can verify (Figs. 5a and
6a) that they reproduce detailed balance at equilibrium within
the frame of the original BL scheme. In addition, this is con-
firmed by distribution functions of vibrational energy. Results
presented in Ref. 8 and Fig. 6b concerning, respectively, the
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Table 5 Numerical and theoretical results obtained at equilibrium

Figures

T"', K
T ',',", K
7;:", K
(p}'h
{/;)""

6,000
2,800
10,800
9.3 x l ( ) - f t

(7.5 ± 0.5) x 10

6,000
2,200
11,700
9.3 x !()-*
(2 ± 1) x K)-5

6,000
6,000
6,000
9.3 x 10- ft

(1.5 ± 0.1) x 10-3

6,000
6,000
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9.3 x H)- f t

(9.5 ± 0.5) x 10 (1
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Fig. 5 Temporal evolution of a) temperatures and b) inelastic collision
fractions; Bird's model (Ref. 8).

model proposed by Bird and the exact model, are in excellent
agreement with the Boltzmann distribution. Indeed, the re-
lation (1) and, thus, the entropy theorem, are now verified.
However, the empirical model (Fig. 5b) overestimates the
theoretical fraction of inelastic collisions by a factor of 160.
Notice that, according to Fig. 2, this factor increases with
temperature. When a rarefied flow with high enthalpy is sim-
ulated numerically, this discrepancy factor affects in propor-
tion the time needed to reach detailed balance and, thus,
temperature distributions, mainly in nonequilibrium areas.
When A0. is set to unity, the exact model p(e), with e = jag2/
2 + e,., leads also to an underestimation of the time needed
to reach equilibrium (by a factor 25 in the present case). As
underlined by Haas,23 this phenomenom is due to a biasing
of the distribution function associated with the subset selected
for energy exchange after collision. Calculations presented in
Figs. 6a-6c are associated with the appropriate constant value
for A0 defined in Eq. (7) (Ac; = 2.1364 in the present case),
and the exact model p(e) [Eq. (10a)], with e — (/xg2/2 + e,,)/
A< ;. This exact model reproduces (Fig. 6c) the theoretical
fraction of inelastic collisions with an excellent accuracy.
Moreover, computational cost of calculations performed with
Bird's model and the exact model differ from one another by
less than 2%. The improvement obtained with an exact der-
ivation of p is thus very beneficial, even for repulsive inter-
molecular potentials, all the more that tabulated exact/? is as
competitive in computational time as previous empirical or
approximated models.
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10000 20000 30000
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40000
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20000 30000
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Fig. 6 a) Temporal evolution of temperatures; exact model, Eq. (lOa)
with <£, = e/\(;, £, = 3, jmax = 1, \G - 2.1364. b) Distribution
function for the vibrational energy, cl: numerical solution with exact
model, <j>i — e/\(J9 £, = 3, jmax = 1, A0 = 2.1364; c2: equilibrium
solution (Hinshelwood). c) Temporal evolution of inelastic collision
fractions; exact model, Eq. (lOa) with <^>, = e/\(f9 £, = 3, jmax = 1,
A,,. = 2.1364.

VI. Concluding Remarks
The class of models proposed here possesses several new

features, improving previous models.48 It is extended from
repulsive to repulsive-attractive intermolecular potential thanks
to the systematic and exact resolution method based on the
Laplace transformation.11 It reproduces, on average, Millikan
and White's relaxation time over all its domain of validity.
Former restriction to the characteristic temperature of vibra-
tional excitation is now avoided. It includes previous models
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developed by Boyd, and also Bird, as borderline cases. When
expressed as a function of a collisional invariant, models in-
troduced in this article fulf i l l detailed balance at equilibrium
within the frame of the original BL scheme. This property is
justified by the entropy theorem verification. Moreover, frac-
tion of inelastic collisions, strongly overestimated by approx-
imate or empirical models, is well-reproduced by the exact
model. At last, although exact p expression could seem com-
plex, it does not cause time penalty when tabulated.

Expressions obtained in this first approach, assuming a con-
tinuous vibrational energy, are also useful to determine in-
dividual probabilities associated with a discrete energy of vi-
bration. These discrete models are presented in a forthcoming
paper constituting the second part of the study.

Appendix: Coefficients Cj
We refer the reader to Ref. 16 for the details of the deri-

vations.
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